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Abstract 

Bosons and fermions are described by using canonical generators of 
Cuntz algebras on any permutative representation. We show a fermion- 
ization of bosons which universally holds on any permutative represen- 
tation of the Cuntz algebra 02- As examples, we show fermionizations 
on the Fock space and the infinite wedge. 

Mathematics Subject Classifications (2000). 46K10, 46L60 
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1 Introduction 

We have studied bosonization, fermionization and boson-fermion correspon- 
dence by using the representation theory of operator algebras. In this sec- 
tion, we explain known fermionizations of bosons and our main theorem. 
We start with problems in fermionization of bosons. 

1.1 What is a fermionization of bosons? 

It is often said that bosons can be written by using fermions in various con- 
texts [TTJ [181 EH]- Such a description is called a fermionization of bosons 
in the broad sense of the term. This never means that the *-algebras of 
bosons is embedded into the *-algebra of fermions as a *-subalgebra. Fur- 
thermore, neither a C*-algebra nor a von Neumann algebra generated by 
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fermions contains the *-algebras of bosons ([13], § 1.1.1). Such a fermioniza- 
tion means a description of bosons by using not only fermions but also the 
normal order with respect to its representation [17\ [T9] , or the description 
of Weyl forms of bosons by using a certain operator algebra of fermions |10j . 
In consequence, any known fermionization of bosons must depend on some 
representation of the algebra of fermions even if the representation is not 
apparently mentioned. 

In consideration of these facts, our question is stated as follows. 

Problem 1.1 Is there a fermionization of bosons which does not depend on 
the choice of representation of the algebra of fermions? 

The aim of this paper is to give a weak solution for Problem I l.li The new 
idea is that our fermionization has a kind of universality, which is derived 
from the representation theory of a Cuntz algebra. 

1.2 Recursive boson system and recursive fermion system 

In order to define our fermionization, we briefly explain recursive boson 
system and recursive fermion system in this subsection. Let 2 denote the 
Cuntz algebra [7] with canonical generators {t\, t 2 }, that is, they satisfy that 

ttt j = 6 ij I (i,j = l,2), t x t\+t 2 t* 2 =I. (1.1) 

For N = {1, 2, 3, . . .}, let {b n : n G N} and {a n : n G N} denote bosons and 
fermions, that is, 

b n b* m - b* m b n = 5 nm I, b n b m - b m b n = b* n b* m - b* m b* n = 0, (1.2) 

Q'nQ'Tn ^rrfln ^nwXi O^n^m ^"tri^n ^n^m ^rrfln ^ (l - ^) 

for each n, m G N. We can describe {b n : n G N} and {a n : n G N} by using 
{£1,^2} as follows |14j : 

h = J2 V^t^htKt^r, b n = p(b n - 1 ) (n>2), (1.4) 

m>l 

ai = M2, a n = C(an-i) (n > 2) (1.5) 

where 

p(x)= Y. t 2' lt ^M) m ~\ (1-6) 

m>l 

C(x) = hxq - t 2 xt* 2 (1.7) 
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for x £ 02- We call these descriptions of {b n : n G N} and {a n : n £ N} 
as the recursive boson system (=RBS) and the recursive fermion system 
(=RFS), respectively. 

Remark that {b n : n £ N} in (jl.4p and p{x) in (jl.6p are not well-defined 
in O2, but they make sense as operators on the reference subspace of any 
permutative representation of O2 by Remark 1.1 in p3], which are defined 
as follows. 

Definition 1.2 lb\ [fy W[ [13^ A representation (Ti.,n) of O2 is permutative if 
there exists an orthonormal basis £ = {e n : n £ A} ofTC such that ir{ti)£ C £ 
for each i = 1,2. We call £ and the linear hull T> of £ by the reference basis 
and the reference subspace of (Ti,ir), respectively. 

Any permutative representation is decomposed into the direct sum of cyclic 
permutative representations unique up to unitary equivalence. Unitary 
equivalence classes of irreducible permutative representations are completely 
classified. There exist uncountably many unitary equivalence classes of ir- 
reducible permutative representations [6j[8l[9]. 

The RFS and the RBS induce branching laws of *-representations of 
Cuntz algebras on fermions and bosons [U HJ [121 HH [14] , and a nonlinear 
transformation group of fermions [2]. 

1.3 Main theorem 

In this subsection, we show our main theorem. Let t±,t2 denote canonical 
generators of O2 in (jl.ip . Assume that they act on a permutative represen- 
tation with the reference subspace T>. Let A denote the *-algebra generated 
by fermions {a n : n £ N} in (II. 5p . Define the subset {W n : n > 0} of A by 

WQ = aial, W n = a n+1 a* n+1 a* n a n ---a\ai (n > 1). (1.8) 

Then we can verify that {W n : n > 0} is an orthogonal family of projections, 
that is, 

W* = W ni Wl = W nt W n W m = {n^m), (1.9) 
on V such that ^2 n>0 W n = I on V. 

Lemma 1.3 (i) For p in (Ufy, p(a n ) = Y, m > (.-^) m a n +m+iW m for n > 
1 where the formal infinite sum is actually finite on T>. 

(ii) For any operators x,y on V, p(xy) = p{x)p{y) on V. 
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(iii) Define the formal infinite sum Y of fermions by 

Y = a*a 2 + a\a\ ■ ■ ■ o^iOn-io^On+i. (1-1°) 

n>2 

T/jen £/ie s«m in U.10\) is actually finite on D and YD C D. 

From Lemma ll.3f i). if x is a formal infinite sum of fermions acting on D, 
then so is p(x). 

Theorem 1.4 Let D denote the reference subspace of a permutative repre- 
sentation of O2 and let t\,t 2 denote canonical generators of 2 acting on 
D. Let p, W n , Y be as in $1.6}) , il.9\) and I11.10\) , respectively. For n > 1, 
define the set {F n : n > 1} of formal infinite sums of fermions by 

F 1 = Y,VmW m , F n = Yp{F n . x ) (n>2). (1.11) 

m>l 

Then the following holds: 

(i) Formal infinite sums in F n 's are actually finite on D and F n D C D 
for each n>l. 

(ii) For n > 1, a boson b n in {1.4\) is written as the product of t\ and F n : 

b n = t* 2 F n . (1.12) 

Theorem 11.41 shows that bosons are written by using fermions and one of 
(the *-conjugate of) canonical generators, t\ of 2 - The universality of 
the fermionization of bosons (|1.12p holds on the reference subspace of any 
permutative representation of O2 ■ Hence a weak solution of Problem 11.11 is 
given. We see that a boson b n corresponds with the "cluster" F n of fermions 
by the canonical generator t\ of 2 in a purely algebraic sense. 

Remark 1.5 (i) The formula f)l . 12|) is derived from the RBS ()1 .4|) . the 
RFS (|1.5j) and permutative representations of 2 but not from a spe- 
cific physical model. Especially, our fermionization has no relation 
with the dimension of any space-time. 

(ii) Instead of normal product or operator topologies, we use t% in (|1.12p . 
Hence b n is not written by using only fermions. 

(iii) The fermionization (|1.12p holds on any permutative representation 
even if it is not irreducible. 
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(iv) Theorem 11.41 shows that any boson is written as (the limit of) even 
numbers of fermions except t\ . 

According to p3] , we show the significance of the fermionization (|1.12p . 
For a given permutative representation tt of O2, we obtain the restriction 
7r|_4 of tt on the *-algebra A of fermions. From the fermionization (|1.12|) . we 
obtain the representation (7^,4) |# of bosons. The operation 

Aa ^ (ttU)|s (1-13) 

seems that (vr|_4)|g was the restriction of 7r|_4 on B which is the *-algebra 
of bosons. Remark that tt\a is not irreducible even if tt is irreducible. The 
operation (|1.13p holds on any permutative representation tt of O2, but does 
not always hold on representation of fermions. 

At the last of this section, we consider the inverse formula of Theorem 
11.41 When fermions are written by using bosons, such a description is called 
a bosonization of fermions in the broad sense of the term [5j [Til 021 EI] • 
Theorem 11.41 brings the following natural question. 

Problem 1.6 In analogy with Theorem \l-4\ find bosonization formulae of 
fermions, which is universally holds on the reference subspace of any per- 
mutative representation of 0<i- 

In §[21 we prove Lemma fl. 31 and Theorem 1 1.41 In § [3J, we show examples 
of Theorem 11.41 

2 Proofs of theorems 

In this section, we prove Lemma 11.31 and Theorem 11.41 

2.1 Permutative representations of Cuntz algebras 

For N = 2,3, ... , +00, let On denote the Cuntz algebra [7J, that is, a C*- 
algebra which is universally generated by si, . . . , sjy satisfying s*Sj = 5ijl 
for i,j = 1, . . . , N and 

N k 

J2siS* = I (if N < +00), ^s iS *<J, A; = 1,2,... (if N = +00) 

8=1 i=l 

where I denotes the unit of On- 

Let {^1,^2} and {s n : n £ N} denote canonical generators of O2 and 
Ooc, respectively. We introduce two (classes of) permutative representations 
of0 2 . 
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Definition 2.1 J7| [7} [Tgj, [7^]/ We wiie a cZass -P(l) (Vesp. P(12)j of repre- 
sentations (TC, it) 0/O2 ot^/i a cyclic unit vector £1 £ Ti. such that 7r(ii)f2 = £1 
(resp. 7r(tit2)£l = ft). 

Both -P(l) and -P(12) contain only one unitary equivalence class. Hence we 
identify -P(l) and P(12) with their representatives, respectively. They are 
irreducible and permutative but not unitarily equivalent. 
By using the embedding of Ooo into O2 defined by 

s n =t2 _1 *l (2-1) 

the restriction of any permutative representation of O2 on is also per- 
mutative. Furthermore, if T> is the reference subspace of a permutative 
representation of O2, then T> is that of Ooo- Then the following holds. 

Lemma 2.2 Let {s n : n 6 N} be as in \2. 1\) and let D denote the reference 
subspace of a permutative representation of 02- Then, for any v G V, 
s^v = except finite number of n G N. 

Proof. By definitions of permutative representation and the reference sub- 
space, we see that V = |J n>1 s n V and s n V n s m V = {0} when n ^ m. 
For any v £ T>, there exists a nonempty finite subset A of N such that 
v £ (BkeASkT*. Hence s*t> = when n $ A. Therefore the statement holds. 
I 

The essential part of our fermionization is derived from (|2.ip . The relation 
(|2.ip also appears in the metric theory of continued fractions [15J. 

2.2 Proofs of Lemma 11.31 and Theorem 11.41 

Define the subset {X n : n > 1} of A by 

Xi = a*a 2 , X n = a\ai ■ ■ ■ a*_ 1 a ri _ia*a„ + i (n > 2). (2.2) 
By definition, the following holds. 

Lemma 2.3 Let p, W n , s n , X n be as in (Lb)) , i TOj) . l2l\) and IP)) , re- 

spectively. Then the following holds: 

(i) For eac/i n > 1, t2S n = s n +i- 

(ii) For each n > 0, VF n = s n+ is* +1 . 

(iii) For eac/i n > I, s n t* 2 s* n = t\X n . 
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(iv) For {a n } in il.5\) . we obtain the following: 

SmQ"n — ( 1) O'n+m^mi S m CL n — ( 1) CL n ^ rn S m (?2, 171 > 1). 

Proof of Lemma 1 1.3[ (i) By definition, p(a n ) = J2 m >i Sm^nSm- From 
Lemma [2.3f ii) and (iv), s m a n s* m = (— l) m ~ a n + m W m -\ for m > 1. For 
any v £ T>, W n v = except finite number of n £ N from Lemma 12.21 and 
Lemma [2~3T ii) . Hence the sum ^ m>1 (— l) m_1 a n+m W m _i is actually finite 
on T>. 

(ii) Let v £ T>. From Lemma 12.21 there exists a nonempty finite subset A of 
N such that s*w = when n A. Hence 

p{xy)v = ^2 s mxys* m v = ^2 s m xys* m v. (2.3) 

m>l m£A 

On the other hand, p{y)v = J2meA s mySm v e From this, 
p{x)p{y)v = p{x) s mys* m v = ^2 p{x)s m ys* m v = ^ s m xys* m v. (2.4) 

Hence the statement holds. 

(iii) By definition and Lemma [2j3jiii) , Y = Y. n >i x n = J2 n >i s n+l*2 s n- 
From Lemma [2 .2} the sum in Y is actually finite on D. Since s n ,+it|s n I' C T>, 
YV C P. I 

Proof of Theorem \l-4\ (i) From Lemma I2.3( ii) and Lemma 12.21 the sum in 
Fi is actually finite on T>. From Lemma |1.3fi ii) and Lemma 12.2} the sum 
in p(F\) is actually finite on D. From this, F<i = Y p{F\) is actually finite 
on T>. In this way, we see that the sum in F n is actually finite on T> for all 
n > 1. 

(ii) From Lemma l2.3f iii) and Lemma ll.3( iii). we see that 

P(t* 2 ) = J2 = tlY, X n = t*2 Y (2-5) 

n>l n>l 

for Y in (fTTHl) . 

From (jl.4p and Lemma [2.3f ii). we obtain that b\ = t% Y^ n >l V^^n 
where the formal infinite sum of fermions is actually finite on D from Lemma 
12.21 Hence the case n = 1 holds. Assume that (|1.12p holds for n < n$ for 
some no G N. From Lemma |1.3( ii) and (|l,4p . 

6n +l = /0(6no) = p(t* 2 F no ) = p(t* 2 )p(F nQ ) . (2.6) 

From (|2.5p and the definition of F n , we obtain that b nQ+ i = t^no+i- By 
the inductive method, the statement holds. I 
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3 Examples 

We show examples of Theorem 11.41 in this section. 



3.1 Fx and F 2 

We show more concrete representations of F% and F 2 in (| 1 . 1 1 j) as follows. 
Proposition 3.1 

F-y= y~] y/na\ai ■ ■ • o*a n g n+ ia* +1 , (3.1) 

n>l 

-T2 = V ma l a l " " " a n-l a n-l a n a n+l a n+2 a n+2 • • • a n _|_ m a n -|_ m a n _|_ m _|_ia n _|_ m _|_ 1 

n,m>l 

(3.2) 

where we write ao = clq = I. 

Proof. By definition, (|3.ip holds. For n < m, define i?[rt, m] = o*a n • • • a* m a m . 
Then we can verify that p(W m ) = Y^i>o o, m+ i +2 a* m+l+2 R[l + 2, / + 1 + m] 
for each m > 1. From this, (|3.2p is verified. I 



3.2 Fermionization on the Fock representation 

In this subsection, we show that the fermionization (|1.12p induces the Bose- 
Fock representation from the Fermi-Fock representation. 

Proposition 3.2 Let B and A denote ^-algebras generated by {b n : n > 1} 
in hl.Sfy and {a n : n > 1} in U.3\) . respectively. We assume that A is 
embedded into 2 by il.5\) . 

(i) Let {Tip, Tip) be the Fermi-Fock representation of A with the vacuum 
£1, that is, Q is a cyclic unit vector ofTiF such that 

TT F {a n )n = (n>l). (3.3) 

Then there exists a cyclic action ttf of0 2 onTiF such that ttf\a = 71 F 
and 7rp(ii)f2 = fL 

(ii) The cyclic representation (TCf,ttf,^) of A in (i) induces the Bose- 
Fock representation with Q as the Bose-Fock vacuum, with respect to 
the fermionization I11.12\) . that is, 

n F (b n )n = (n > 1) (3.4) 
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and tvf(B)0, is a dense subspace o/TCf with respect to Ji.^p . 

Proof. From Theorem 1.2(ii) of [14] . the former statement of (i) holds. 
From (i), (TCf,ttf) is P (1) of O2 in Definition 12.11 Hence it is permutative. 
From Theorem 1.2(i) of [33], the latter statement of (i) holds. From the 
uniqueness of the action of O2 in (i), The statement (ii) holds from Theo- 
rem 1.2(iii) of [H]. I 

In consequence, the fermionization (j!.12[) preserves Fock vacua of fermions 
and bosons. 

In fact, we show (13. 4j) for n = 1, 2 here. We write ttf(x), t^f{u) as x, y 
for the simplicity of description. From (|1.12|) . 

b* n = F*t 2 (n>l). (3.5) 

Let CI be as in ()3.3|) . For n > 1, let i? n = a*ai • • • a*a ra . From (|3.5p . 

= En>l V^n^^ 

= En>l \/^ a ri+l a n+l a n a « ' ' ' 02 a 2 a l^ 

= a{n. 

From (1331) . 

= F%t 2 n 

= En,m>i \/^-Rn-ia* +1 a n a* +2 a n+ 2 • • • a* +m a n+m a n+m+ ia* +m+1 t2^ 

= E m >l v / "^ a 2 a l a 3 a 3 " " " a l+m a l+m a 2+m a 2+m*2^ 

= E m >i \A" a 3 a 3 • • • a* +m ai+ m a2 +m a^ +m a^ 
= a^Cl. 

3.3 Fermionization on the infinite wedge 

According to |12| . we show the fermionization on the infinite wedge. Define 
Z> + 1/2 = {n + 1/2 : n = 0, 1, 2, . . .}. For G Z> + 1/2, rewrite 
{a n : n £ N} in (jl.3p as 

V>fc = «2fc+l, ^-fe = G2fc- (3.6) 
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Of course, the *-algebra generated by {ipk, tp-k '■ k G Z>o + 1/2} coincides 
with A. Let 17 and 17* be vectors in a representation space of A such that 

V>_ fc i7 = ^17 = o (k g z>o + 1/2), (3.7) 
V^i7* = ipt k n* = (fc g z> + 1/2). (3.8) 

The cyclic subrepresentation of A generated by 17 {resp. 17*) is called the in- 
finite wedge representation {resp. dual infinite wedge representation). From 

a 2n _iO = a 2n 17 = (n 6 N), (3.9) 
a 2n 17* = a 2n _i!7* = (n G N). (3.10) 
From |12| . they are irreducible and they are not unitarily equivalent. 

Proposition 3.3 (i) Let (Hiw^iw) and (Ttiw* i^iw*) be the infinite 
wedge representation with the vacuum 17 and the dual infinite wedge 
representation with the dual vacuum 17* of A, respectively. Then there 
exists a cyclic action 7r 2 of C 2 on Ttiw © Ti-iw* such that 7r 2 |_4 = 
ttiw © Ttiw* and 7r 2 (t 2 )17 = 17* and 7r 2 (ti)17* = 17. 

(ii) The direct sum representation (Hiw®'htiw* ^IW®^IW*) of A induces 
the following representation rj = (ttiw © ^jw^Ib °f bosons with the 
cyclic vector 17 in (i), with respect to the fermionization il.l2\) : 

r?(6„6*)0 = 217 (n G N). (3.11) 

Proof, (i) See Theorem 1.1(h) in |12j . 

(ii) We see that the cyclic representation n in (|3.1ip is BF\^(2) in Definition 
3.4 of [14|. Furthermore we see that ttiw and ttiw* are i*\F 2j i and FF 2j2 in 
Example 3.7(h) of [14] . respectively. From Example 4.7(h) in |14j . we see 
that they are the restrictions of -P(12) in Definition l2.11 Hence the statement 
holds. I 

Remark 3.4 From Proposition l3.3l two irreducible representations of fermions 
induce one irreducible representation of bosons with respect to the fermion- 
ization (|1.12p . On the other hand, the infinite wedge representation is de- 
composed into the direct sum of countably infinite many Bose-Fock repre- 
sentations with respect to the fermionization in \17\ [T9] . Hence our fermion- 
ization is different from that in [17^ [19] . 
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